Abstract. The sum of the series
involving the product of two trigonometric functions is obtained using the sum of the series
Introduction and preliminaries
In the paper [7] author considered trigonometric functions series containing coefficients which are reciprocal powers of n or 2n − 1 where n ∈ N. The representations of those series are given in [10] in the general form
(1) Table I (see [1, 3] ). Note that when f (x) = sin x and α → 2m or f (x) = cos x and α → 2m + 1 (m ∈ N 0 ), the limiting value of the right-hand side of (1) should be taken into account [5, 7] . In some cases, listed in Table II , when the right-hand side series truncate due to vanishing of F functions, representation (1) takes the closed form
where α ∈ N, M = α−1 2 for α odd and M = α 2 − δ for α even. This is a generalization of the results in [8] . Some particular cases of (2) can be found in [1, 4, 6, 13] .
Using (1) and (2) , in [9, 10] the sums of some series over Bessel functions are given, expressed in terms of the Riemann zeta numbers and other sums of reciprocal powers. , we evaluate and represent series over the product of trigonometric functions
where the parameters a, b, s are as in Table I , and f and g denote sin or cos, as series in terms of the Riemann zeta and related functions, which become closed form formulas under some restrictions. Further, we illustrate applications of these results both to the summation of series over the product of Bessel and trigonometric functions and to obtaining closed form solutions of some boundary value problems in mathematical physics.
Outline of the method and a general result
We explain the procedure of determining the sum of the series (3) for α = 2m − r (r = 0 or r = 1, m ∈ N ), by using the series
We start with m = 1, i.e. the series S 1 = S 1 (1, 1, 0, sin y, cos x),
sin ny cos nx n .
Using the relation sin ny cos nx = 1 2 sin(n(y − x)) + sin(n(y + x)) we obtain
On the basis of (2) we have
and find
Therefore, in the domain
− π < x < π and |x| < y < 2π − |x| (5) we obtain
Integrating this equality with respect to x in K 1 , interchanging the order of integration and summation, i.e. sin ny sin nx
including boundaries. Repeating this procedure several times in succession, we find formulas for the sums S 3 , S 5 , . . . etc. So we may assume that after repeating this procedure 2m times the final formula will have the form
for (x, y) ∈ K 1 including boundaries, except for m = 1. Whe shall prove formula (7) using the method of mathematical induction. As (6) shows, formula (7) is true for m = 1. Further, assuming its validity for m = k > 1 (k ∈ N), it has to be proven that it is valid for m = k + 1, too. Integration of the assumed equality
where the sum on the right-hand side is shifted, we obtain
sin ny n 2k−2i+1 and finally
and that is formula (7) for m = k + 1. Thus, (7) is proven In a similar way we obtain sixteen formulas which may be represented by the general formula
where
} and, independently of that, the rest of the parameters we read from Table III. The domains K i (i = 1, 2, 3, 4) are closed for any 2m − r > 1.
Applying (2), formula (8) takes the closed form
where g = { Table III . This formula contains sixteen formulas as special cases. Table III It should be mentioned that by using the other formula sin ny cos nx = 
which is different from formula (7). This is because (10) is valid in the domain K 1 , dual to K 1 . Namely,
However, the same formula (10) holds true in K 1 when we interchange the variables x and y in series (4), but this is the formula
which is obtained from (7) for a suitable choice of the functions f and g. This consideration shows that there is no need to establish formulas for dual domains. For α ∈ R + series (3) can be represented as series in terms of the Riemann zeta and related functions. We explain the procedure for obtaining this result by using the series
Considering that
we obtain
Applying (1) to the both series, this equality can be written as
where the domains K i (i = 1, 2, 3, 4), without boundaries, and c, F depend on the parameters s, a, b, as in Table III . Using the binomial formula, we finally obtain
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The general formula can be stated as
where f = { 
Some series involving Bessel functions
In this section we shall illustrate the application of the obtained sum of series over the product of two trigonometric functions (9) to the summation of series over the product of Bessel and trigonometric functions.
Let us consider the series
where J n are Bessel functions of the first kind of order n [12] . In order to obtain the sum of this series, we shall use the well known integral representation of Bessel functions
Substituting (14) into (13) 
where ζ ij = ζ(2m − 2i − 2j) (x, y) ∈ K 1 , and putting x sin θ in place of x we evaluate S. The further procedure leads to integrals of the type
for f = { sin cos } and Re µ > −1 (see [2] ) and finally to the result (in the domain K 1 )
Let us consider now the series
where α ∈ R + and J ν are the Bessel functions of the first kind and order ν. In order to obtain the sum of this series we shall use the well known integral representation of Bessel functions
Substituting (16) into (15) and interchanging the order of summation and integration we get Without going into details we obtain the final formula
in the domain K 4 , for α > 0 and α > ν > − 
Discussion and applications
In this section we show that the obtained results include as special cases formulas in [6, 13] . Also, we show how to make use of those results to obtain closed form solutions of some boundary value problems in mathematical physics.
For certain values of x or y, the obtained formula (9) reduces to formula (2) . For instance, formula (9) 
where β ij = β(2m − 2i − 2j − 1) and (x, y) ∈ K 4 . This formula for y = 0 becomes
and that is exactly formula (2) (9) gives
For x = y = 0 it turns to β(2m − 1). Further, the obtained general formula (9) comprises some known results. Note that our formula (9) is valid for α = 2m − r (r = 0 or r = 1, m ∈ N ), whereas in [6, 13] there are cases only for α = 1 or 2 (α = 3 in one case). In addition, the domains in [6, 13] are only subsets of our domains K i (i = 1, 2, 3, 4) or possibly equal to them. For example, formula (8) 
This domain is equal to our K 2 , and the formula
obtained as a particular case of (9) for the chosen parameters, where η ij = η(2m − 2i − 2j − 2) and (x, y) ∈ K 2 , for m = 1 gives the same result.
As another example consider formula 4Γ3 in [13:
The first domain is one half of our K 3 , and the formula
and (x, y) ∈ K 3 , which is a special case of (9), for m = 1 gives π 4 . The second domain is half of the dual domain K 3 , and the formula
where λ ij = λ(2m − 2i − 2j − 2) and (x, y) ∈ K 3 , as a special case of (9), for m = 1 gives 0, too, as above. Finally, it should be noted that some results in the cited books are not valid. Namely, formula (3) 
